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The phase transitions in the Bose-Fermi-Hubbard model are investigated. The boson Green’s function is cal-
culated in the random phase approximation (RPA) and the formalism of the Hubbard operators is used. The
regions of existence of the superuid and Mott insulator phases are established and the (µ, t) (the boson
chemical potential vs. hopping parameter) phase diagrams are built at different values of boson-fermion in-
teraction constant (in the regimes of xed chemical potential or xed concentration of fermions). The effect of
temperature change on this transition is analyzed and the phase diagrams in the (T, µ) plane are constructed.
The role of thermal activation of the ion hopping is investigated by taking into account the temperature depen-
dence of the transfer parameter. The reconstruction of the Mott-insulator lobes due to this effect is analyzed.
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1. Introduction
There are a lot of papers devoted to the investigation of the properties of systems described
by the Bose-Fermi-Hubbard model (BFHM) [1–5], which can be considered as a generalization of
the Bose-Hubbard (BH) model [6] in the case of the presence of fermions. One of the examples is
an optical lattice. The Bose-Einstein (BE) condensation in boson-fermion mixtures (for example,
6Li- 7Li, 6Li- 87Rb) confined in optical lattices has attracted great attention of physicists. The
parameters of the BFHM which describes these objects can be tuned in experiments and results
of theoretical calculations can be tested in practice. Different theoretical approaches were used
to investigate the BFHM: mean field theory [2], strong coupling approach [3], density matrix
renormalization group [4], quantum Monte Carlo [5] and others.
Another example of systems which can be described by the Bose-Fermi-Hubbard-type Hamil-
tonian are intercalated crystals (for example, TiO2 intercalated by Li ions). In such systems the
impurity ions and electrons play the role of the bosons and fermions, respectively. A lattice gas type
models are also used for the description of ionic conductors [7–9]. In [10] the pseudospin-electron
model of intercalation was formulated and thermodynamics of the model was investigated in the
mean field approximation. It was shown that due to the presence of electrons the effective inter-
action between ions is generated and the character of this interaction depends on the filling of the
electron band (when the chemical potential of the electrons is near the band edges, the first order
phase transition between uniform phases or phase separation in the regime of the fixed electron
concentration takes place; such an effect is important when constructing batteries [11]).
In this work we consider the BFHM and propose a method for calculation of correlation func-
tions and average values of boson and fermion concentrations. The method is based on the intro-
duction of Hubbard operators acting in the on-site basis of states and is similar to the composite
fermion approach used in [2] (the composite fermions are formed by a fermion and bosons or
bosonic holes) but is more general and universal. Introducing the on-site Hubbard operators we
can employ a known technique developed for the calculation of a correlation (Green’s) function
built on these operators, for example, equation of motion method [12] or diagrammatic approach
based on the corresponding Wick’s theorem [13]. In this paper we use the first of them. As a first
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step, we calculate the boson Green’s function in a particular case of immobile fermions and consider
the condition of instability of normal phase with respect to the appearance of the BE condensate.
Constructing the phase diagrams in the (temperature-chemical potential of bosons) and (hopping
parameter of bosons – chemical potential of bosons) planes, we analyse the effect of fermions on
the transition to the superfluid (SF) phase at different relations between the model parameters.
We also illustrate the ground state diagrams of the model in the cases of repulsion or attraction
between bosons and fermions.
2. The random phase approximation
Mixtures of ultracold bosons and spin-polarized fermions in optical lattices are well described
by the Bose-Fermi- Hubbard Hamiltonian [1]
H =−
∑
ij
tijb
+
i bj −
∑
ij
t′ijf
+
i fj +
U
2
∑
i
nbi (n
b
i − 1) + U ′
∑
i
nbin
f
i − µ
∑
i
b+i bi − µ′
∑
i
f+i fi . (1)
The first (second) term describes nearest neighbor boson (fermion) hopping with t (t′) denoting
the tunneling amplitude of bosons (fermions). The third and forth terms are on-site boson-boson
and boson-fermion interactions, respectively. The last two terms involve the chemical potentials
of the bosons µ and fermions µ′, that are introduced to change the mean concentrations of these
particles.
The first step is to introduce the following on-site basis
(nbi = n; n
f
i = 0) ≡ |n, i〉; (nbi = n; nfi = 1) ≡ |n˜, i〉, (2)
where nbi or n
f
i is the number of the bosons or fermions on site i, respectively. Now we can introduce
the Hubbard operators Xnmi = |n, i〉〈m, i|, X n˜m˜i = |n˜, i〉〈m˜, i|, etc. As a result, the Bose- and
Fermi-operators of creation and annihilation can be written as
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n
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f
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The Hamiltonian takes in this representation the following form
H = H0 + H
b
1 + H
f
1 ,
H0 =
∑
in
λnX
nn
i +
∑
in˜
λn˜X
n˜n˜
i ;
λn =
U
2
n(n− 1)− µn, λn˜ = U
2
n˜(n˜− 1)− µn˜− µ′ + U ′n˜,
Hb1 =
∑
ij
tijb
+
i bj , H
f
1 =
∑
ij
t′ija
+
i aj . (4)
In this case the on-site part H0 becomes diagonal and can play the role of an unperturbed part of
the Hamiltonian, when expansion in terms of the hopping parameters in such a type of models is
used [14].
In this work we restrict ourselves to the equation of motion method. To find the two-time
Green’s function Gij(t − t′) = 〈〈bi(t)|b+j (t′)〉〉 we write the equation for Fourier transform of its
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constituent part
ω〈〈Xm,m+1l |Xr+1,rp 〉〉 =
1
2pi
δlpδmr〈Xmrl −Xr+1,m+1l 〉+ 〈〈[Xm,m+1l , Ĥ ]|Xr+1,rp 〉〉. (5)
We use the random phase approximation (which is an analogy to the Hubbard-I approximation in
the case of the fermionic Hubbard model and is a basic one for the usual Bose-Hubbard model, see
[15, 16]) and perform the following decoupling:〈〈(
Xm,ml −Xm+1,m+1l
)
bj |Xr+1,rp
〉〉
≈ 〈Xm,m−Xm+1,m+1〉〈〈bj |Xr+1,rp 〉〉,
〈〈b+i Xm,m+2|Xr+1,rr 〉〉 ≈ 0. (6)
Such an approximation is valid in the case when 〈bi〉 = 0 that corresponds to the normal (so-called
Mott-insulator(MI)) phase. The commutators [Xmn, H ] become[
Xm,m+1l , Ĥ
]
= ∆mX
m,m+1
l +
∑
j
tlj
√
m + 1Qmbj −
∑
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t′ljX
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∑
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+
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l , (7)
[
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√
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∑
i
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+
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m,m˜+1
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where ∆m = λm+1−λm (∆m˜ = λm˜+1−λm˜) is a distance between on-site energy levels, and Qm =
〈Xm,m−Xm+1,m+1〉 (Qm˜ = 〈Xm˜,m˜−Xm˜+1,m˜+1〉) is a difference between the mean occupancy of
these levels.
In what follows we consider the case of localized fermions with t′ij = 0. Using the relations (3)
we can write the equation for the Green’s function 〈〈bj |Xr,r+1p 〉〉
〈〈
bl|Xr,r+1p
〉〉
=
∑
m
~
2pi
δlpδmr
√
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ω −∆m˜
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bj |Xr+1,rp
〉〉
. (9)
The equation for the function 〈〈bl|X r˜,r˜+1p 〉〉 has a similar form. We pass to k-representation and
introduce the unperturbed Green’s function
g0(ω) =
∑
m
[
Qm(m + 1)
ω −∆m +
Qm˜(m˜ + 1)
ω −∆m˜
]
. (10)
As a result, the expression for the Green’s function Gk(ω) can be obtained
Gk(ω) =
1
2pi
g0(ω)
1− g0(ω)tk . (11)
The obtained expression (11) for the bosonic Green’s function allows us to investigate the effect
of the fermions on stability of the normal phase and to establish the conditions of the appearance
of Bose-Einstein condensate in the mixed boson-fermion systems. In the next section we build the
corresponding phase diagrams.
3. Phase diagrams
First of all, we can build the diagrams of the ground state of the system in the plane (µ′, µ)
using the unperturbed Hamiltonian H0 (in this case the averages of the Hubbard operators are
given by 〈Xmm〉 = 1
Z
e−βλm , 〈Xm˜m˜〉 = 1
Z
e−βλm˜ , where Z =
∑
m e
−βλm +
∑
m˜ e
−βλm˜).
In figure 1 and figure 2, we show the ground state diagrams (T = 0) at different values of U
and U ′ parameters. It is seen that in comparison with the Bose-Hubbard model (where the vertical
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lines are present only) new regions appear. The inclined lines separate the states |m〉 and |n˜〉 with
different boson and fermion numbers. General shape of the diagrams depends on the sign of the
boson-fermion interaction constant. Such an effect was also pointed out in [2] in the framework of
the composite fermion picture.
Figure 1. Ground state diagrams for 0 < U ′ < U (a) and −U < U ′ < 0 (b).
Figure 2. Ground state diagrams for U < U ′ < 2U (a) and −2U < U ′ < −U < 0 (b).
The phase transition from the Mott-insulator to SF phase is characterized by divergence of the
Green’s function Gk=0(ω = 0) →∞ that leads to the equation
1 = t0
∑
m
(
Qm(m + 1)
∆m
+
Qm˜(m˜ + 1)
∆m˜
)
. (12)
This condition in the case t > 0 (considered in this paper) is fulfilled at the center k = 0 of
the Brillouin zone (an uniform SF phase case). We should note that at T → 0 the equation (12)
corresponds to that obtained in [2] in the framework of the mean field theory.
In figure 3, 4 and figure 5, we show the (W, µ) phase diagrams (here W is a half width of the
initial bosonic energy band, −W < tk < W ) in the cases of the constant fermion concentration
or fermion chemical potential. Similarly to the pure Bose-Hubbard model, the regions where the
MI phase is stable have the form of characteristic lobes, but, in general, the shape of such a phase
boundary is more complicated. In the special case U
′
U
= 0, 5 the twice lesser multiplicity with
respect to the µ
U
ratio is observed (see figure 3 (a)).
In figure 4 and figure 5a, we give the (W, µ) phase diagrams for different values of on-site
interaction between bosons and fermions U ′ and average numbers of fermions nf . In the limit
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Figure 3. (W, µ) phase diagrams. a) The case of different values of temperature at U ′/U =
0.5, nf = 0.5. b) The case of different values of boson-fermion interaction parameter at T/U =
0.02, nf = 0.8.
Figure 4. (W,µ) phase diagram for different values of U ′ and nf . a) nf = 0.2, b) nf = 0.8.
Figure 5. (W,µ) phase diagrams. a) The case of constant concentration of fermions at different
values of U ′, b) The case of constant chemical potential of fermions.
T → 0 the similar phase diagrams were obtained in [2]. For comparison, the diagrams are shown,
that correspond to the cases of repulsion (U ′ > 0) and attraction (U ′ < 0) between bosons and
fermions. It can be seen that in the first case the BE-condensate appears in the presence of fermions
at higher values of boson tunneling constant; in the second case the opposite effect takes place.
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We do not consider in this work the appearance of a charge modulation phase, this is the task for
future investigations.
The presence of more than one Mott-insulator lobe in the region n < µ/U < n + 1 is a
characteristic feature of the Bose-Fermi-Hubbard model in comparison with the Bose-Hubbard
model (in the latter case only one Mott-insulator lobe is present in the mentioned region). The
positions of the additional lobes depend on the strength of the boson-fermion interaction only and
are consisted with the location of vertical lines on the ground state diagrams (figures 1 and 2),
where the instability with respect to the appearance of BE-condensate at T = 0 takes place. The
heights of these lobes depend on the fermion concentration.
In the regime of a constant chemical potential of fermions (see figure 5b) the reconstruction
of the MI lobe takes place in the region of chemical potential µ values, which corresponds to
intersection of µ
′
= const line with inclined boundary lines separating the ground state regions
with the different on-site boson and fermion occupation (see figures 1 and 2). On the left hand side
of this intersection the BE-condensate appears in the limit T → 0 at µ ∼ U ′, U + U ′, 2U + U ′, . . .
while on the right hand side it appears at µ = 0, U, 2U, . . .
Figure 6. (T, µ) phase diagrams at U ′ = 0.5U, nf = 0.5. a) ∆ = 0, b) ∆ = 0.01U .
The (T, µ) phase diagram is shown in figure 6. In comparison with pure Bose-Hubbard model
(see e.g. [16]) the critical temperatures of transition into SF phase at the presence of fermions
are lower (besides that, new regions with SF phase appear; at U ′/U=0,5 they are located around
half-integer values of the µ/U ratio). We also depicted the (T, µ) diagram for the case of thermal
activation of boson hopping. Such a possibility was considered in [16], having in mind the applica-
tion of BH-model to the ionic conductors. We have rewritten the parameter of the bosonic (ionic
in the case of ionic conductors) hopping in the form: t = t0 exp(−β∆) that can be obtained as
a result of renormalization due to the interaction with phonons. Thermal activation leads to the
increase of the Mott-insulator phase region. At the increase of the activation energy the region
of the existence of the SF phase narrows and then this phase disappears. At the fixed value of
the boson chemical potential (and fixed value of the fermion concentration) there are two critical
temperatures at which the phase transition from the Mott insulator to the SF phase takes place.
A similar effect is also present in the case of the Bose-Hubbard model; as was supposed in [16] the
lower critical temperature can be related to the transition to the superionic state in the superionic
crystals.
4. Conclusions
In this work we have investigated phase transitions in the BFHM at finite temperature using the
on-site Hubbard operators formalism. We have restricted ourselves to the consideration of the case
of localized fermions (tf = 0) and obtained the expression for boson Green’s function in the RPA.
The instability of normal phase with respect to the transition into the superfluid state at different
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values of the fermion concentrations and boson-fermion interaction constant is investigated. We
have also considered the effect of the temperature change on this phase transition. The ground
state diagrams in the plane (chemical potential of electrons - chemical potential of bosons) are
built and regions of stability of the fermion composite type states are separated. Subsequently we
plan to take into account the fermionic hopping and study its effect on the transition into SF phase
in the framework of the developed scheme.
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Фазовi дiаграми моделi Бозе-Фермi-Габбарда:
метод операторiв Габбарда
I.В. Стасюк, Т.С. Мисакович, В.О. Краснов
Iнститут фiзики конденсованих систем НАН України, 79011 Львiв, вул. Свєнцiцького, 1
Дослiджено фазовi переходи в моделi Бозе-Фермi-Габбарда. Бозонна функцiя Грiна розрахована в
наближеннi хаотичних фаз з використанням формалiзму операторiв Габбарда. Встановлено областi
iснування надплинної фази та фази Моттiвського дiелектрика i побудовано фазовi дiаграми в пло-
щинi (µ, t) (хiмiчний потенцiал бозонiв-параметр перескоку) при рiзних значеннях константи бозон-
фермiонної взаємодiї (у режимах фiксованого хiмiчного потенцiалу чи концентрацiї фермiонiв). Про-
аналiзовано вплив змiни температури на фазовi переходи та побудовано фазовi дiаграми в площинi
(T, µ). Дослiджено роль термiчної активацiї перескоку частинок при врахуваннi температурної зале-
жностi параметра перескоку. Проаналiзовано перебудову фазових дiаграм у цьому випадку.
Ключовi слова: модель Бозе-Фермi-Габбарда, фазовi переходи, термiчна активацiя
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